Interference Between Competing Pathways in the Interaction of Three-Level Ladder 
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In this paper we explore the physical origin of the transparency induced in absorbing three-level 
cascade atoms by the simultaneous interplay of two coherent beams of light. By utilizing the scat- 
tering technique we offer what we believe is a very convincing physical evidence for the existence, or 
for the absence, of quantum interference effects in the Autler-Townes (AT) and Electromagnetically 
Induced Transparency (EIT) phenomena. 



I. INTRODUCTION 

The interaction of two coherent fields with three-level 
atoms features a variety of phenomena which are at the 
forefront of research in field of non-linear optics today. A 
few examples of some effects include electromagnetically 
induced transparency [l|, coherent population trapping 
[31, line narrowing and lasing without inversion [3|- In 
this article, we highlight first a number of optical phe- 
nomena of interest. Two of the reviewed phenomena are 
at the core of this study where quantum interference ef- 
fects are investigated. 

In 1990 the term "Electromagnetically Induced Trans- 
parency (EIT)" was introduced by Harris et al. [J] whose 
theoretical work showed an enhancement in the third- 
order susceptibility experienced by a probe field and si- 
multaneously a decrease in the absorption of the same 
probe field in a collection of three-level atoms in a cascade 
configuration. Many reviews [l|, |5|, |^ have been written 
about EIT since its emergence. The first experiment con- 
firming the EIT phenomenon was done in 1991 by Boiler, 
Imamoglu, and Harris [7| in a Strontium lambda system. 
Boiler and colleagues stated without proving that the 
transparency may be interpreted as a combination of the 
Stark effect and another interference phenomenon that 
may in turn be understood at the level of the dressed 
states. 

In correspondence with the interpretation presented by 
Boiler and his colleagues, the underlying physical phe- 
nomenon responsible for EIT has been generally assumed 
to be similar to the physical origin of the Fano profile Q ■ 
In the Fano profile setting two ionization pathways, one 
direct and another one proceeding through an interme- 
diate autoionized state, interfere leading to a zero tran- 
sition probability and thus a reduction of the ionization 
probability. 

Closely related to the EIT phenomenon but one that 
preceded EIT by almost 15 years. Coherent Population 
Trapping (CPT) [i,[il[ni[l|] is another important phe- 
nomenon that is featured by three-level atoms. While 
EIT is associated with the reduction in the absorption of 
the probe field due to the interference between different 
excitation pathways, CPT is characterized by the reduc- 
tion in spontaneous emission due to the trapping of the 
population in the non-coupled state. Other important 



phenomena, such as Lasirig Without Inversion (LWI) Q 
and "subluminal" [H, El El, [H, IH and "superluminal" 
[18l.[l9| light, 'slow' and 'fast' light was also reviewed ex- 
tensively in 2002 by Boyd [2Q,], are consequences of the 
EIT and CPT effects. 

A phenomenon which is quite unlike most of what 
we have surveyed this far in this paper is the so-called 
Autler-Townes (dynamic Stark-Shift) effect [21[. Even 
though, the AT effect resembles the EIT phenomenon in 
that they both reduce the absorption of a probe field at or 
near resonance, AT, studied by Cohen- Tannoudji 
generally not associated with interference. However, 



23, is 
de- 
spite a large volume of literature devoted to the study of 
EIT and AT, nowhere has the manifestation of (or lack 
therefore) of interference in these two related systems 
been explicitly pointed out. This important difference 
between the two effects is the subject of investigation in 
this paper. 

We begin our investigations by considering two cas- 
cade configurations. We denote the first cascade config- 
uration (shown on the left in figured]) as Cascade-EIT. 
This name, at least at this e arly point in this paper, rec- 
ognizes the experiments |23l . uA . [29] which showed EIT in 
this specific system. Switching the strengths of the fields 
leads to another cascade configuration which we denote 
as Cascade- AT (shown on the right in Fig. [T]). At first, 
it may seem counter-intuitive that merely switching the 
strengths of the involved fields can dramatically affects 
the results. However, we stress that experiments show 
in the Cascade-EIT case [2g| a reduction in absorption 
even when the coupling field is weak, while experiments 
show no similar features in the Cascade- AT case [23| in 
the same weak field regime. Cascade-EIT and Cascade- 
AT are the two configurations which we have selected for 
our in-depth analysis of the similarities and, specially, 
differences between the EIT and the AT effects. 

Following Lounis and Cohen- Tannoudji [28| we inter- 
pret the absorption of a probe photon as a scattering pro- 
cess induced by the atom while interacting with several 
pump (coupling) photons. We calculate the correspond- 
ing scattering amplitude and, if they exist, we identify 
the multiple physical paths followed by the system as 
it evolves to its final state. The existence of compati- 
ble multiple paths in the transition amplitude results in 
quantum interference effects exhibited by the transition 





\5^ 


n. 


- 




^. 


1 



I3> 



I2> 



ll> 





t:^. 




^. 






- 


'Sc 


W^32 




fi. 


^21 

1 


\ 


■ 





I3> 



I2> 



ll> 



Cascade-EIT 



Cascade-AT 



FIG. 1: Cascade-EIT and Cascade-AT configurations: Qc 
(fjp) and 5c (Sp) are tiie Rabi frequency and detuning of the 
coupling (probe) field. Wij is the spontaneous decay rate from 
the level |i) to level \j). 



probability. In 1993, Grynberg and Cohen- Tannoudji 
[29| , using the same scattering technique [2^| , traced the 
physical origin of gain in the central resonance of the 
MoUow absorption spectrum. The scattering technique 
in the dressed states picture was also used to study the 
Vee system Q. 

In the following section of this paper, two coupling field 
regimes are highlighted. Unlike the case in the strong 
coupling field regime where the two cascade systems dis- 
play similar probe absorption spectra, in the weak field 
regime, which will be extensively studied in this paper, 
the two configurations present a critical difference. In 
section IIIIl we survey the mathematical tools which are 
needed to calculate the probability that a system evolves 
from a given initial to a final state. For certain crucial 
technical reasons discussed in the introduction of section 
rvl only the Cascade-EIT configuration can be studied in 
the bare states picture. It is in this same section where 
we show the existence of two excitation-emission path- 
ways in the process of absorption of a probe photon in 
the Cascade-EIT case. The results are clarified in the 
low saturation limit where we prove that the two path- 
ways compete and interfere. Section IVl studies the scat- 
tering of a probe photon in the dressed states picture 
only in the low saturation limit due to physical require- 
ments of the technique which will be discussed in the 
introduction of the section. Both configurations are stud- 
ied. The expected absence of interfering pathways in the 
Cascade-AT case is verified. Also, the results found in 
the Cascade-EIT case are consistent with the ones found 
in the bare state picture. 



II. MACROSCOPIC DIFFERENCES AND 
SIMILARITIES 

The probe absorption spectrum (solid line in figure [J]) 
of the Cascade-EIT configuration, which is proportional 



to the imaginary part of the density matrix element p2i 
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and the probe absorption spectrum (dashed line in fig- 
ure [2]) of the Cascade-AT configuration, which is propor- 
tional to the imaginary part of P32 |30| , 
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display similar features, mainly a reduction in absorp- 
tion in the expected maximum absorptive probe field de- 
tuning range in the absence of the coupling field. Note 
that we changed several notations such as detunings, de- 
cay rates, density matrix elements, and Rabi frequencies, 
redefined the coupling Rabi frequency, included the spon- 
taneous decay rate W31 , and also dropped multiplication 
factors for the sake of consistency between the two ref- 
erences [2^ |30| and our work. All the previously used 
variables will be defined in the following sections when 
needed. 




FIG. 2; Negative absorption coefficient of the probe field 
in the Cascade-EIT case (solid line) and Cascade-AT case 
(dashed line) function of the probe detuning. Theoretical 
values: 712=0.5, 713=0. 105, 723=0.605, Sc=0, ^1^^1.5. 

Figure[3]is a plot of the separation between the peaks of 
the absorption spectra at resonance (Sc = 0) function of 
the coupling field Rabi frequency. Monitoring the separa- 
tion between the peaks reveals two regimes. The strong 
field regime (flc ^ lij) has been studied by Cohen- 
Tannoudji [22,[3l|j[33 and co-authors. The authors study 
the absorption and fiuorescence spectra of a variety of 
three-level systems using the dressed-atom approach [3j] 



in the secular limit (the effective Rabi frequency of the 
system, which is related to the strengths of the different 
used fields, is much greater than the atomic decay rates) 
which in our case is equivalent to the strong coupling 
field regime. One of the common messages across the 
different studies presented by Cohen- Tannoudji and co- 
authors is that in the three-level system case and in the 
secular limit the absorption line of the probe field splits 
into two Lorentzian lines which at resonance are sepa- 
rated by the coupling field Rabi frequency. This split in 
the absorption line is a consequence of the AT effect 22 1 
which at least in the secular limit is not associated with 
interference. Figure [3] displays the AT linear separation 
in the strong coupling field range of Rabi frequency. 




FIG. 3: Separation between the peaks of the probe absorption 
line in the Cascade- EIT case (solid line) and Cascade- AT case 
(dashed line) function of the coupling field Rabi frequency. 
Theoretical values: 712=0. 5, 713=0. 105, 723=0.605, Sc—O. 



The linear AT separation displayed by both cascade 
configurations shows that the AT effect dominates all 
other possibly existing phenomena in the strong coupling 
field regime. As the coupling field strength decreases it 
is obvious that in the Cascade-AT case the dip fills up 
quickly as the two Lorentzians start overlapping while in 
the Cascade-EIT case the transparency persists and the 
separation even goes above the linear line and does not 
vanish until the coupling field is almost turned off. This 
macroscopic evident difference between the two cascade 
configurations, which we believe is a manifestation of the 
microscopic difference between the two phenomena AT 
and EIT, is the point of investigation in this paper. For 
this very clear reason we focus in this work on the weak 
coupling field regime which could be achieved by either 
one of the two conditions flc <^ jij or flc <^ 5c which are 
known as the low saturation limit. We note that the low 
saturation condition Qc ^ 7y" varies between the differ- 
ent configurations and will be given later in the paper. 



III. TECHNIQUE 

In this section we provide an outline of the general ele- 
ments of the scattering technique 32] that is adopted in 
this paper. The transition and probability amplitudes, 
which are related to the probability of absorption are de- 
fined and calculated non perturbatively in the first sub- 
section HTl^ and then rederived in the second subsection 
IIIIBI after the introduction of an operator called the Re- 
solvent. 



A. Transition and Probability Amplitudes 

A system in an initial state |z) at a time U has a proba- 
bility 'Pfiitf, ti) of performing a transition to a final state 
I/) at a later time tj. The system evolves between the 
two times, ti and i/, according to the unitary transfor- 
mation 

I/) = U{tf,U)\i). (3) 

where the evolution operator, U{tf,ti), is defined as 

and depends on the total Hamiltonian H. 

The probability amplitude that the system will go from 
the initial state \i) to the final state |/) is defined as 

Sf, EE Uf., = {.f\U{tf,um. (5) 

The transition probability, V, is equal to the modulus 
squared of the the probability amplitude, Sfi, 

Vf^{tf,U) = \Sf,\\ (6) 

After substituting equation [3] into the Schrodinger 
equation for the final state we solve for the evolution op- 
erator, U{tf, ti), which after a transformation into the in- 
teraction picture and a substitution into equation [5] leads 
to 

Sf, c^ 5fi - 2TriS^^''>iEf - E,) lim T/,, (7) 



5fi-2TriS^^\Ef-E,) lim T/,, 

where we defined the transition amplitude, Tfi (not to 
be confused with the probability amplitude Sfi), as 

r,. = (/|T/|.) + (/|i^^^^^m (8) 

V being the interaction part of the Hamiltonian, rj being 
a positive real number introduced by the identity 

gZB(*2-ti)A0(^2-il) = 



lim — - — 

?7^0+ 2TTi 



+ OC 



-iE{t2-ti)/h 



-dE, (9) 

where Q{t2 — ti) is the Heaviside function. We also used 
in equation[7]the diffraction function 6^^\Ef—Ei), which 
is defined as 

lsin[(^/ -Ei)T/2h] 
n Ef-E, ' 

where T is the duration of the interaction. 



5^^\E,-E,) 



(10) 



B. Resolvent Operator 

We introduce the resolvent operator of the total Hamil- 
tonian, H, in the form 



G{z) 
and reduce equation [5] to 



1 



z-H' 



(11) 



TfH = {f\V\^) + {f\VG{E.,+^7J)V\^). (12) 

For use later on, we can re- write equation II 21 by intro- 
ducing the identity operator 1 = ^^. \k){k\, so that 



^/. = (/I^N) + (/l^i- 



:iV\l), 



= {.f\V\i) + E E VfkVH{k\G{E, + zrj)\l). (14) 

k I 

In the cases of interest where |/) ^ |i) the probability 
Pfi (Eq. [6|) is given by 



Pf^ = 47r 
which implies that 



5^^\Ef-E,) IhmT/.p, (15) 

J »)— 0+ 
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-trj)\l)\^. (16) 



The states |fc) and \l) are discrete intermediate states 
of the scattering process between the initial and final 
states, |i) and |/}. The system is not observed at the 
intermediate states, but the the probability amplitude 
between the initial and final states is the sum over all 
probability amplitudes of all the intermediate states. 

The matrix element {k\G{Ei + ir])\l) of the resolvent 
operator, G, is the matrix element of G projected onto 
the two subspaces to which the states \k) and |/) belong. 
For example, if the two intermediate states \k) and \l) 
belong to the same subspace £o which is made of the set 
of quasi-degenerate and coupled states {|i^i), ... , |(^„)}, 
we have 

Gki{E, + tr,) = {k\PG{E, + ^77)P|/), (17) 

where the projector P is defined as 



P 



^\'^^){'P^ 



(18) 



The other possible case is when only one of the inter- 
mediate states, \l) for example, belongs to the subspace 
£o while the second state, |fc), belongs to the supplemen- 
tary subspace of £o, Co- In this case we have 



Gm{E, + 177) = {k\QG{E, + ^77)PI/), 



(19) 



where Q is the supplementary projector of P defined as 
Q = I -P. (20) 

After some calculations we find that 



PG{z)P = 
QG{z)P = 



z- PHoP - PR{z)P' 



(21) 



z-QHQ 



V PG{z)P. (22) 



where Ho is the unperturbed Hamiltonian, H is the total 
Hamiltonian {H = Ho + V), and R(z) is the level shift 
operator defined as 



R{z) = V + V 



z-QHQ 



-.V. 



(23) 



IV. BARE STATES PICTURE 



The probability that a system will evolve from an ini- 
tial to a final state is independent of the picture in which 
the calculations are carried out. The different pictures 
only effect the intermediate states associated with the 
pathways followed by the system as it evolves from the 
initial to the final state. Some pictures, the dressed states 
picture for example, pose specific restrictions to the ap- 
plication of the scattering technique. This fact will be 
addressed further in section FVl where the dressed states 
picture will be used. 

In this section we adopt the bare states picture seek- 
ing an understanding of the possible pathways followed 
by the atom through intermediate bare states in the pro- 
cess of scattering one probe photon. We consider the 
physically realistic situation where the system, in this 
case the bare atom, is initially in a quasi-stable state. At 
the end of the scattering process the system must also 
exist in a quasi-stable state. If this was not the case, the 
evolution would not yet be over. In this section as in the 
subsequent sections, we will always only consider initial 
and final states that are quasi-stable. 

In a cascade system the excited atomic states |2) and 
3) are not stable because of their spontaneous decay out 
of these states. This leaves the ground state, |1), as the 
only bare atomic state which can be used as an initial 
and final state for the scattering process. In the Cascade- 
EIT configuration, unlike the Cascade- AT configuration, 
the state |1} is coupled by a weak field (probe) to state 
|2). This fact keeps the state jl) stable. This situation 
is quite different from the Cascade- AT case where state 
1) is coupled to state [2) by a strong field (coupling). 
The fact that the strong coupling field forces the atom 
to oscillate between the two states |1) and |2) with a 
large Rabi frequency makes the state |1) unstable. The 
problem of not having a bare stable state in the Cascade- 
AT configuration eliminates the possibility of applying 
the scattering technique to this configuration in the bare 
states picture. We study in this section only the Cascade- 
EIT configuration. In the next section, instead, we show 



that one of the dressed states m either configuration is 
quasi-stable and this aUows the study of the Cascade- AT 
configuration in the dressed state picture. 

The initial setting of the Cascade-EIT system of in- 
terest involves the atom in the atomic ground state |1) 
interacting simultaneously with the coupling field, having 
Nc photons in its mode, one probe photon, and zero pho- 
tons in all the different vacuum modes, which we label 
by a subindex j. Thus, the initial state has the form 



I*) = |l;(l)p,(7V,)„(0),). 



(24) 



Considering only one photon in the probe field cor- 
responds to the simplest scattering process, where one 
probe photon is absorbed followed at a later time by the 
emission of a new photon in one of the vacuum modes. 
We did examine the case where Np {Np > 1) photons 
exist in the probe field. We found that the inclusion of 
more than one probe photon is associated with higher 
order interactions which is out of the scope of this paper 
because of their low orders of magnitudes. 

Based on the scattering process and the requirement 
that the state be quasi stable, the final state corresponds 
to the situation where the atom is in its ground state with 
Nc photons in the coupling field, no photons in the probe 
field, and one photon of frequency uj in the corresponding 
vacuum mode (with all other vacuum modes having zero 
photons). This state is given by 



I/) - |l;(0)p,(7Vc)„(l).). 



(25) 



After using the appropriate initial (Eq. [M|) and final 
(Eq. [55]) sates, the transition amplitude, Tfi (Eq. [T^ . 
reduces to 



r. 



fi^nn 



'^{ip2\GiE, + 17^)1^2), (26) 
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where ilp and fl are respectively the Rabi frequencies of 
the probe and the non-zero vacuum field defined in this 
case as 



i in 
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(27a) 
(27b) 



where L^ is equal to the volume of the cavity, and where 
the discrete state \lp2) is defined as 



1^2) = |2;(0)„(iVe)e,(0),). 



(28) 



By setting the energy of the state |(^2) as the energy 
reference, E^p^ = 0, and after defining the state \lp^) as 

l^^a) = |3;(0)p,(A^c-l)c,(0),), (29) 

we find that the states \i) and ji^sa) have the energies 



Ei — hSp , 
Eip^ — ~h6c 



(30a) 
(30b) 



where dp — tOp — W12 and Sc = lOc — 1023, and are quasi- 
degenerate with the state \ip2) (the quasi-degenerate re- 
sults from the smallness of the detuning parameters rel- 
ative to all the other frequencies of the problem) . 

In the infinite volume limit, L — > 00, we find that the 
coupling between the states [1^93) and \(p2), 



{V2\V\ip3) 



nr 



0, 



(31) 



where ilc is the Rabi frequency of the coupling field de- 
fined as Qr 



~2^i 



23 



"" r 3 , remains finite. 



Unlike the coupling between the states |(/93) and lv'2), 
the coupling between the two states [(^2) and |?), 



{^2\V\i) = h^ 



0, 



(32) 



vanishes in the infinite volume limit. This fact eliminates 
the initial state \i) from the subspace of the state \(p2)- 

In this case the matrix element {ip2\G(Ei + ir])\ip2) is 
the element of the operator G projected onto the sub- 
space £0 defined as 



£0 = {\ip2),\m)}- 



(33) 



Using equation!^ the projection of the resolvent op- 
erator, G{Ei + irj), into the subspace £0, leads to 



lim PG{E, + iij)P = 
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D 



5p + 1W21I2 



-VLcI2 
nj2 5p + 5c + i{W^2 + W^i)/2 



where D is the determinant of the matrix {PGP)' 
is given by 

D ^ h" {5p + 5c + his) (Sp + ^712) - h^^, 



,(34) 
^ and 

(35) 



where Wij is the spontaneous decay rate from level i to 
level j (i,j=2,3) and 7^ is the corresponding polarization 
decay rate, which in free space is given by 



7y 



3 

E 



{W^k + Wjk) 



(36) 



A. Resonances 

The determinant D (Eq. I35p can be written explicitly 
in terms of the eigenvalues of the matrix (PGP)^^, i.e. 

D^h^{6p-Zii)iSp-Ziii), (37) 

where the eigenvalue, Zji and Zm are given by 



2Zii = -{Sc + ^723) + Vi^c + his - «7i2)2 + ni 

(38a) 

2^/// = -iSc + 4723) - V((5c + ^713 - 4712)^ + ^c- 

(38b) 



After writing the transition amplitude (Eq. 
terms of the eigenvalues we obtain 



rf^ = 



MlQ,r, 



Zjj - 



- Ziii) 

5c + i7i3 
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III 



Because the transition amplitude is the sum of two 
complex numbers, the scattering process may be char- 
acterized by an interference between two possible evolu- 
tion pathways followed by the atom during the scattering 
process. Each of the two complex numbers is associated 
with an intermediate state, or a sequence of intermedi- 
ate states. We denote these pathways as first and second 
resonance and, thus, write equation 1391 in the form 



Tji — f** Resonance + 2" Resonance. 



(40) 



We note here that what is as important as the existence 
of two resonances is the relative order of magnitude be- 
tween the amplitudes of these resonances. This business 
of relative orders will be clarified in the next subsection 
in the low saturation limit where the interference effect 
is significant. 

When the coupling field is turned off, fJ^ = 0, the 
eigenvalues, Zn and Zm, approach their unperturbed 
values 



Zu 
Ziii 



-«7i2, 

-^c - «7l3- 



(41a) 
(41b) 



Consistently, we expect that the eigenstates \^P2) and 
(pa) which correspond to the eigenvalues Zu and Zm 
approach the unperturbed states Yp2) and \^z) in the 
absence of the coupling field (fie = 0). Note that the 
bars in \<^2) and j^ss) are added to distinguish the eigen- 
states from their corresponding unperturbed states \^-2) 
and |(/?3). 

Based on the understanding of eauation l41al we set the 
eigenvalue Zu in the form 



Z 



II 



'^ll2 



5' 
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(42) 



where 5'^ and 7', which will be derived later on in this 
paper, are correction terms which are consequences of the 
presence of the coupling field. In addition, after using the 
conservation of the trace we obtain 



Z 



III 



«7l3 



51. 



^Ic 



(43) 



The corrections to the energy and radiative broadening 
of levels 1 2) and |3} due to the existence of the couphng 
field can be understood in the following way. The term 
~5'c {5'c} represents the light shift of level |2) (|3)). Sim- 
ilarly, the term -7^ (7^) is the radiative correction of the 
unperturbed level |2) (|3)). 

The first resonance is centered at 5p = 5ft (Z//) = —5'^, 
which implies that hujp — fiW2i — M^, which is the opti- 
cal resonance between level |1) and the shifted level |2). 



This optical resonance has a width of 712 — 7^ which ap- 
proaches 712 when r^c tends to zero. 

The second resonance is centered at 5p — ^{Zm) = 
—5c + 5'^ which is equivalent to fkUp + fkOc = hcu^i + h5'^. 
This resonance corresponds to the Raman resonance con- 
dition between the light-shifted level |3) and level |1) and 
has a linewidth of 713 + 7^. 



B. LoAV Saturation Limit 

In this section we consider the low saturation limit in 
which the interference effect is not dominated by any 
other phenomena such as the AT one. In this case the 
level shifts and the linewidths corrections acquire more 
transparent forms and the pathways corresponding to the 
different resonances become obvious. 



In the low saturation hmit, ri^/(7i2 
^l/5c ^ 1^ equation I38bl reduces to 
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which after comparison with equation 03] leads to 



5' = 
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(^c + (713 -712)^' 



-(713 -712) 
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(45a) 
(45b) 



In the low saturation limit the transition amplitude 
(Eq. [391) takes the form 



r, 
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5c + «(7i3 -712) 
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5p — Ziii 



(46) 
where the two terms between the parentheses correspond 
to the first and second resonances. 

The first resonance is given explicitly by 



l'^ Resonance 



Mm, 



<5p + 5^ + i(7i2 - 7^) ' 



(47) 



where 7^ << 712. We also consider the limit 5'^ << 5p 
which yields the final result 



1- Resonance « ^ 



^. (48) 



2 h{5p + iji2) 2 

The first resonance is the product of three factors. 
Starting from the right hand side, the factor Mlp/2 de- 
scribes the absorption process of the probe photon. This 
absorption process leaves the atom in the state 2 which 
has an energy h5p and a radiative decay 712. The last 
factor of the first resonance, hil/2, is associated with 
the emission of a photon of frequency lu into one of the 
vacuum modes. Thus, the pathway of the scattering pro- 
cess corresponding to the first resonance can be sketched 
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FIG. 4; Resonances of the Cascade-EIT configuration in the 
bare states picture. 



graphically as shown in figure [H We also note for later 
discussion at the end of this subsection that the first res- 
onance is of zeroth order in the coupling field, Qc- 
The second resonance has the form 

2' Resonance 



hnnp 


-n,/2 
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_Sc + i(7i3 -712). 
1 



6p + 6c-6'^ + i(7i3 + 7c) ' 



(49) 



This contribution becomes especially large when Sp 
-Sc + S'^ leading to the approximation 6c ~ —Sp + S'^. 
-Sp. In this case, equation [49l reduces to 
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(50) 



The second resonance (Fig. S]) corresponds to the ab- 
sorption of the probe photon followed by simultaneous 
absorption and emission of coupling field photons and 
ending with the spontaneous emission of one vacuum 
photon. 

The transition amplitude (Eq. [46|) . after all the ap- 
proximations discussed previously, reduces to 
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(51) 



We stress again the fact that the requirement to have 
interference is not only the existence of two or more inter- 
fering pathways but also comparable probability ampli- 
tudes between the resonances. In the Cascade-EIT case. 



the second resonance (Eq. [50]) approaches the first reso- 
nance (Eq. [48]) in magnitude as Q.c becomes larger than 
7i3, a situation which does not violate the low saturation 
condition, 1^^/(712 -713)^ <- 1- 



V. DRESSED STATES PICTURE 

Earlier, we mentioned that quasistable bare states do 
not exist in the Cascade-AT configuration. This makes 
the scattering technique unsuitable for the analysis of 
the scattering process. This difficulty can be removed in 
the dressed states picture, and in particular in the low 
saturation limit, as we are going to show in this section. 

As our first step we describe the Cascade-AT configu- 
ration in the dressed states picture and prove the absence 
of interference in the low saturation limit. In subsection 
IV Bl wc study the Cascade-EIT case and reproduce the 
results found in the bare state picture (the two pictures, 
of course, must be equivalent to each other). 



A. Cascade-AT 

In the low saturation limit, ^1/Sl <^ 1, the two eigen- 
states of the interaction Hamiltonian of the Cascade-AT 
system have the form 

\a{Nr)) - |l,7Ve> + ^|2,7Ve-l), (52a) 

2dc 

\b{Nr)) - |2,7V,-l)-^|l,iV,), (52b) 

where 5c = i^c — W12 and the coupling Rabi frequency is 
defined as 



Vic = — 2/i 



12 
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(53) 



and correspondingly the eigenvalues of the eigenstates 
(Eqs. EH) are given by 



Ea 

Eb 



0, 



(54a) 
(54b) 



The dressed state \a{Nc)) (Eq. I52ap is made of the 
sum of the atomic bare state |1) and a correction term 
due to the coupling of the atom with the field. Because 
the correction term is small in the low saturation limit, 
the spontaneous decay rate out of level \a{Nc)) is ap- 
proximately equal to that of the ground state, |1), i.e. 
the state is quasi-stable. 

The same argument holds for the other dressed state, 
\b{Nc)), which approaches to the atomic state |2) in the 
absence of the coupling field. Based on the previous ar- 
guments the total decay rates of the two dressed states 
are given by 



Ta = 0, 

n = W21. 



(55a) 
(55b) 



In this case the dressed state \a{Nc)) is quasi-stable 
and can be used as the initial and final state of the scat- 
tering process. The process begins with one photon in 
the probe field and ends with one photon of energy fku' 
in the vacuum and no photons in the probe field. Thus, 
we define the following initial and final states 



|z) - |a(iV,),(l)p,(0),), 
I/) - KiV,),(0)p,(l).,). 



(56a) 
(56b) 



In this case the transition amplitude (Eq. [T^ reduces 



to 
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GssiE^+tv), (57) 



where we defined the Resolvent matrix element G33 (Ei + 
irj) as 

GssiE.+zrj) = (3(7Ve),(0)p,(0),|x 

G{E,+i7j)\3{N,),{0)p,{0)^}, (58) 

and the probe and non-zero vacuum field Rabi frequen- 
cies as 
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(59a) 
(59b) 



The intermediate state |3(iVc), (0)p, {Q)j) belongs to its 
own one dimensional space. In this case, the correspond- 
ing form of equation [^l] in a one dimensional space leads 
to 



G33{E,+il]) 
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33 



(60) 



where the matrix element -R33 of the level-shift operator 
is given by 



lim R33{Ei + ir]) = -ih 



W3; 



W31 



(61) 



and Ei {E3) is the energy of the state \i) 
(|3(iV,),(0)p,(0),)), E, - E3 = h{Sp + 5,), where 
in the Cascade- AT case the probe detuning, Sp, is 
defined as Sp = ujp — UJ23 ■ 

After substituting equation [501 into equation [571 we ob- 
tain 
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where we replaced (W32 -|- W3i)/2 with the polarization 
decay rate 713, which can be obtained from equation 1361 



The transition amplitude (Eq. [62)l consists of only one 
term corresponding to a single resonance. There is only 
one complex number associated with the only pathway 
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FIG. 5: Resonances of the Cascade-AT configuration in the 
dressed states picture. 



followed by the dressed atom as it evolves from the ini- 
tial state (Eq. I56ap to the final state (Eq. I56bp . This 
fact shows the absence of interference in the absorption 
process of a probe photon in the Cascade-AT case in the 
weak coupling field regime. The process described by 
this transition amplitude is shown by figure |S| where we 
have taken the detuning of the coupling field to be neg- 
ative, a choice which leads to a higher energy level for 
the state \b{Nc)), relative to the state \a{Nc)). In addi- 
tion to the stimulated absorption and emission of pho- 
tons out and into the mode of the coupling field within 
the dressed state \a{Nc)), the scattering process involves 
the absorption of a probe photon followed by the emis- 
sion of a photon in the vacuum field via the intermediate 
state \3{Nc), (0)p, (0)j). It is true that other pathways of 
higher order of interaction in the coupling field exist but 
these processes are extremely weak and can be ignored 
in the low saturation limit. We did beside the work pre- 
sented in this paper extensively check out the first higher 
order process at resonance, Sc = 0, and proved that it can 
indeed be ignored in the low saturation limit f^c/7i2 ^ 1- 



B. Cascade-EIT 



The dressed states of the Cascade-EIT system are 



|a(iV,)) = \2,N,) + ^\3,N,-1), (63a) 

2dc 

|5(7V,)) = |3,7V,-l)-^|2,iV,). (63b) 

2dc 



We use here the same initial and final states (Eqs. [24l 
and |25|) defined in the bare states picture. In the low 
saturation limit, ri^/J^ ^ 1, and in the dressed states 



picture the transition amplitude (Eq. [T^ reduces to 
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(64) 



The Resolvent matrix elements corresponding 
to the intermediate states \a{Nc);{0)p,{0)j) and 
\b{Nc);{0)p,{0)j), which belong to two one-dimensional 
subspaces, are given by 
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(65a) 
(65b) 
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Thus, the transition amplitude (Eq. [64)1 takes the form 



Tf^ = 
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(67) 
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The transition amplitude (Eq. I67|) found here is the 
sum of two terms which are associated with two reso- 
nances. Figure [S] shows the two resonances in the dressed 
states picture. 

i3 lb(Nc)> 
]3>\ la(Nc)> 




FIG. 6: Resonances of the Cascade-EIT configuration in the 
dressed states picture. 

The first resonance corresponds to the excitation of the 
dressed atom from level |l(A^c)) to level \a{Nc)) followed 
by the decay to the ground state by spontaneous emis- 
sion of one photon into the vacuum. The second term 



corresponds to a process which is very similar to the first 
but where the dressed atom gets excited to the dressed 
state \b{Nc)) not \a{Nc)). 

The transition amplitude (Eq. [?T|) . calculated in the 
bare states picture in the low saturation limit, has the 
same structure as the amplitude (Eq. I67p derived in the 
dressed states picture under the same conditions. The 
physical interpretations given for the two resonances, first 
resonance and second resonance, at the end of subsection 
IIV Bl are consistent with the previous discussion given for 
the transition amplitude (Eq. Wf} . In this case, ri^/J^ ^ 
1, the magnitude of the second resonance in equation 1671 
approaches the magnitude of the first resonance under 
the same condition fie > 713 which was introduced in 
the bare states picture. 



C. Conclusions 

In this section. Dressed States Picture, we clearly 
showed the physical difference between the Cascade-EIT 
and Cascade-AT configurations. In the weak coupling 
field regime, unlike the case in the Cascade-EIT setting 
where the scattering process of one probe photon can 
happen following either one of two distinct and compati- 
ble pathways, in the Cascade-AT setting only one evolu- 
tion pathway dominates over the rest. 

The existence of two scattering pathways of compara- 
ble probabilities in the Cascade-EIT configuration leads 
to the manifestation of interference effects. This remark- 
able interference phenomenon is absent in the Cascade- 
AT configuration where the atom follows only one scat- 
tering pathway in the low saturation limit. 



VI. CONCLUSIONS 

By applying the scattering technique we studied the 
Cascade-EIT configuration in the bare and dressed states 
pictures. The Cascade-AT configuration was studied 
only in the dressed states picture for reasons that were 
stated in section HVl In the Cascade-EIT case we showed 
that the transition amplitude is the sum of two com- 
plex numbers associated with two resonances. These 
resonances correspond to interfering scattering pathways 
which we described in the bare states picture (Fig. [1]), 
and in the dressed states picture (Fig. [S]) in the weak 
field regime. The transition amplitude corresponding to 
the Cascade-AT case was derived in the low saturation 
limit, and in the dressed states picture. The calculated 
amplitude was associated with one resonance presented 
in figure [5] The domination of only one scattering path- 
way eliminates the possibility of interference effects in 
the Cascade-AT configuration. 

We also showed that after considering the low satura- 
tion limit, the derived transition amplitude (Eq. I5ip for 
the Cascade-EIT configuration found in the bare states 
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picture (Sec. |V| approaches analytically the amplitude 
(Eq. [67)1 found in the Dressed states picture in the low 
saturation limit as well. 

By studying the two cascade configurations, Cascade- 
EIT and Cascade- AT, we revealed two different coupling 
field regimes. We explored the weak field regime in detail 
and proved that unlike the AT effect KIT persists in the 
low saturation limit due to the existence of interference 
between competing pathways. 



VII. ACKNOWLEDGMENTS 



This work was conducted under the guidance and su- 
pervision of the late professor Lorenzo Narducci whom 1 
dearly admire and miss. I would also like to thank Dr. 
Frank Narducci for critical reading of the manuscript and 
his genuine feedback. 



[1] M. Fleischhauer, A. Imamoglu, and J. Marangos, Re- [19 

views of Modern Physics 77, 633 (2005). 
[2] E. Arimondo, Progress m Optics (North-Holland, 1996), [20 
vol. XXXV, chap. Coherent Population Trapping in Laser 
Spectroscopy, pp. 257-354. 
[3] G. Grynberg, M. Pinard, and P. Mandel, Phys. Rev. A [21 

54, 776 (1996). 
[4] S.E. Harris, J.E. Field, and A. Imamoglu, Phys. Rev. [22 

Lett. 64, 1107 (1990). 
[5] J. Marangos, J. Mod. Opt. 45, 471 (1998). [23 

[6] S. Harris, Phys. Today 50, 36 (1997). 
[7] K.-J. Boiler, A. Imamoglu, and S.E. Harris, Phys. Rev. [24 

Lett. 66, 2593 (1991). 
[8] U. Fano, Phys. Rev. 124, 1866 (1961). [25 

[9] G. Alzetta, A. Gozzini, L. Moi, and G. Orriols, Nuovo 

Cimento B 36B, 5 (1976). [26 

[10] R. Whitley and J. Stroud, C.R., Phys. Rev. A 14, 1498 

(1976). [27 

[11] E. Arimondo and G. Orriols, Lettere al Nuovo Cimento 

17, 333 (1976). 
[12] H. Gray, R. Whitley, and J. Stroud, C.R., Optics Letters [28 

3, 218 (1978). 
[13] S.E. Harris, J.E. Field, and A. Kasapi, Phys. Rev. A 46, [29 

R29 (1992). 
[14] M. Xiao, Y.-Q. Li, S.-Z. Jin, and J. Gea-Banacloche, [30 

Phys. Rev. Lett. 74, 666 (1995). 
[15] A. Kasapi, M. Jain, G.Y. Yin, and S.E. Harris, Phys. [31 

Rev. Lett. 74, 2447 (1995). 
[16] Z. D. L.V. Hau, S.E. Harris and C. Behroozi, Nature 397, [32 

594 (1999). 
[17] M.M. Kash, V.A. Sautenkov, A.S. Zibrov, L. HoUberg, 

G.R. Welch, M.D. Lukin, Y. Rostovtsev, E.S. Fry, and [33 
M.O. Scully, Phys. Rev. Lett. 82, 5229 (1999). 
[18] A. M. Steinberg and R. Y. Chiao, Phys. Rev. A 49, 3283 
(1994). 



L. Wang, A. Kuzmich, and A. Dogariu, Nature 411, 974 

(2001). 

R. Boyd and D. J. Gauthier, Progress in Optics (Elsevier, 

Amsterdam, 2002), vol. 43, chap. 'Slow' and 'Fast' light, 

pp. 497-530. 

S. H. Antler and C. H. Townes, Phys. Rev. 100, 703 

(1955). 

C. Cohen- Tannoudji, Amazing Light (Springer, Berliln, 

1996), chap. 11, pp. 109-123. 

J.E. Field, K.H. Hahn, and S.E. Harris, Phys. Rev. Lett. 

67, 3062 (1991). 

Y.Q. Li, S.Z. Jin, and M. Xiao, Phys. Rev. A 51, R1754 

(1995). 

J. Gea-Banacloche, Y.-Q. Li, S.-Z. Jin, and M. Xiao, 

Phys. Rev. A 51, 576 (1995). 

J. Clarke, W. van Wijngaarden, and H. Chen, Phys. Rev. 

A 64, 023818 (2001). 

B.K. Teo, D. Feldbaum, T. Cubel, J.R. Guest, 

P.R. Berman, and G. Raithel, Phys. Rev. A 68, 53407 

(2003). 

B. Lounis and C. Cohen-Tannoudji, J. Phys. II France 2, 
579 (1992). 

G. Grynberg and C. Cohen-Tannoudji, Opt. Commun. 

96, 150 (1993). 

G. Vemuri, G. Agarwal, and B. N. Rao, P.R.A. 53, 2842 

(1996). 

C. Cohen-Tannoudji and S. Reynaud, J. Phys. B 10, 2311 
(1977). 

C. Cohen-Tannoudji, J. Dupont-Roc, and G. Grynberg, 
Atom-Photon Interactions: Basic Processes and Applica- 
tions (Wiley-Interscience, 1992). 

C. Cohen-Tannoudji and S. Haroche, J. Phys. (France) 
30, 153 (1969). 



